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ABSTRACT 

 

It is presented a detailed proof of the Anosov Closing Lemma. For diffeomorphisms with 

hyperbolic sets, this lemma ensures that in the neighborhood of orbits, returning sufficiently close to 

themselves, exist periodic points.  Moreover, it establishes how the distance between corresponding points 

of an initial orbit and the constructed periodic orbits is controlled. The Anosov Closing Lemma is crucial in 

the statement of the Livschitz Theorem for hyperbolic diffeomorphisms; and  consequently in ensuring the 

existence of cohomological equations sufficiently regular solutions. 
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1. INTRODUCTION 

The main contribution of H. Poincaré, the pioneer of differentiable dynamics study, in this field 

was to emphasize the qualitative approach as opposed to the traditional emphasis on explicit solutions of 

mechanics differential equations. His other achievement was the founding of the local theory of maps and 

vector fields near fixed and periodic orbits. Other principal figures in this broad subject matter were A. M. 

Lyapunov and J. Hadamard who introduced several concepts of stability and developed analytic tools as, 

for instance, the Hadamard-Perron Theorem.  Another important advance in the study of differentiable 

dynamics was the notion of structural stability, particularly with the founding by S. Smale that systems with 

complicated orbit behaviour can be structurally stable. Afterwards S. Smale, D. V. Anosov, Y. Sinai and R. 

Bowen developed the core of the hyperbolic dynamics theory .  

The important class of hyperbolic dynamical systems contains several examples of invertible 

smooth dynamical systems with complicated orbit structure, namely hyperbolic toral automorphisms, their  

  -perturbations, as well as expanding maps of the circle.  

 The Anosov Closing Lemma formalizes how the combination of local hyperbolicity, coming from  

the linearized dynamical systems analysis, with nontrivial recurrence tends to produces an abundance of 

periodic orbits. Given a dynamical system        and fixed  an initial condition       , it is important to 

identify those       which evolution under the iterates of    follows that of      sufficiently closely for a 

long time, and to understand the asymptotic behavior of       relative to      .  

Besides presenting here a detailed proof of the Anosov Closing Lemma, it is proved an inequality 
which estimates quantitatively how the constructed periodic orbit differs from the initial orbit. With the 
exception for statement of that inequality the proof here presented follows the suggestions of Katok and 
Hasselblatt in (1).  

 
The inequality mentioned above is essential in the Livschitz Theorem for hyperbolic 

diffeomorphisms  statement  and  proof. In turn, this theorem is one of the main tools to obtain global data 
of cohomological nature from the periodic data, particularly ensuring the existence of sufficiently regular 
solutions of cohomological equations. In fact, some issues of considerable importance in the dynamical 
systems theory can be reduced to solving a cohomological equation, that is, an equation          , 

where         is a dynamical system,         is a function, both known, and         is the 

unknown. 
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2. STABLE AND UNSTABLE LOCAL (AND GLOBAL) MANIFOLDS 

Let    be a Riemannian manifold, with norm        and inner product        in the tangent space 

    of each point     . In what follows we will write only       and       without reference to the point   . 

Let          be a diffeomorphism and      an  -invariant set, that is,     .  A map      is 

topologically transitive if there is        which orbit              is dense in  . If there is an open 

neighborhood     of     such that 

      

   

 

then     is locally maximal for  .  

Definition 1:  An  -invariant set      is hyperbolic to   if: 

(i) the tangent space restricted to   can be written as a continuous direct sum of   -invariant 

bundles, that is, for each     there is a decomposition of the tangent space           
      which varies continuously with   and verifies     

            and      
           ; 

(ii) there are constants     and         such that, for all      and     ,  we have      
    

        for        , and      
             for        . 

 

      and       are called the stable and unstable subspaces at the point  , respectively.  

 

Since it is involved in the proof of Anosov Closing Lemma, we presented below the Hadamard-

Perron Theorem in the context of hyperbolic sets. 

Hadamard-Perron Theorem:  Let     be a Riemannian manifold,         a      diffeomorphism and  

    a compact hyperbolic set for  . Then, for each     there are embedded     manifolds 

              such that: 

(i)    
            and     

          ; 

(ii)                  and                     ; 

(iii) for each       exists             such that, for each    , we have 

 

                            for         , 

 

                              for         ; 

 

(iv)   exists       and an unique family      of neighborhoods containing the ball around      

of radius     such that 

                           

 

                            . 

       and        are usually called the stable local manifold of    and the unstable local manifold of  , 

respectively.  

The proof of this theorem presents (see (3), for example) a methodology which plays a central role in 

hyperbolic dynamical systems theory. It involves the systematic use of the Contraction Mapping Principle 

in functional spaces appropriately constructed. 

It follows from property (iii) and (iv) that given any two stable local manifolds    
      and    

    , 

satisfying the Hadamard-Perron Theorem’s hypotheses, their intersection contains an open neighborhood 

of   in each of them. Thus it can be concluded that on a certain       we have       
            

      

and       
            

    . Such a number     can be chosen uniformly for all    . The same holds 



for unstable local manifolds with     replaced by   . This implies that the stable and unstable global 

manifolds given by 

            
                and               

              

are independent of the of stable and unstable local manifolds particular choice and can be topologically 

characterized by: 

                       
    
        

                       
    
        . 

The balls with radius   and center    belonging to         and         are denoted by   
     and   

    , 

respectively. 

 

3. THE ANOSOV CLOSING LEMMA 

 

Anosov Closing Lemma:  Let     be a Riemannian manifold and      a compact hyperbolic 

set locally maximal for the      diffeomorphism        .  Then for all          sufficiently large there is 

an open neighborhood    of     and constants         such that for       satisfying              then 

there is a point       such that         and 

                                   (3.1) 

for            . 

 

In the proof presented here,  for      , the suggestions of Katok and Hasselblatt in (3) are followed, 

with the exception of inequality (3.1)   statement.  This inequality estimates quantitatively how the 

constructed periodic orbit differs from initial orbit: it states how the distance between corresponding points 

of the initial orbit and the constructed periodic orbit is "controlled". 

Proof of the Anosov Closing Lemma: For each     we fix a local coordinate system in      such that 

the decomposition             is identified with the decomposition             and the metric in 

    is the usual metric in   . For each     there is an open neighborhood       of       for each      

such that         
   can be written as 

                                  

where             and                 are linear maps defined by  

            
          and                

       . 

Supposing that       in (ii) of the  hyperbolic set definition, there is            such that  

   
          and                                                                 (3.2) 

for all       (when      we can remake the proof with minor changes). In addition, eventually by further 

choice of      , we can guarantee that exists              such that  

           and                                                                (3.3) 

for all      . Note that the points                , for             , constitute a  -periodic orbit of     

if and only if  

                                      

is a fixed point of the map          , where         , given by  



                                                    . 

We write     as                        where         is given by  

                                                       . 

It follows from (3.3) that   

                                                                                  (3.4) 

with the norm                      . On the other hand, it follows from (3.2) that the matrix        is 

invertible. By using the decomposition  

                                           

we obtain  

                                              
 

         
 

         

           
  

and then  

                                                                         (3.5) 

for some constant      which only depend on  . So, the solutions of          are precisely the 

solutions of          where                     .  It follows from (3.4) and (3.5) that 

                                                                         (3.6) 

Taking     small enough we obtain         which allows to conclude that            is a contraction. 

By the Contraction Mapping Principle there is a unique fixed point        of  . In addition,    

              where                 . Then we have  

                          
   . 

From (3.6) we obtain 

                       
            

and hence 

                                        
 
   

    
   . 

Since                      for some     with       , we have                , that is, 

                .  Given (3.5) we have                and hence  

                 
 
   

   
 

   

     
 . 

Let     be such that                   . This point     is   -periodic and, by the choice of   , we have  

                
                                                              (3.7) 

for             , for some constant      . It follows from (3.7) that  

                                             
     . 

We can thus assert that  

                                                                               (3.8) 



for           . Since     is a locally maximal set there is an open neighborhood     of     such that  

         .  As    is  a periodic point we have           , eventually choosing again    and 

neighborhoods      , and then     . 

It remains now to establish the inequality (3.1). Since     is a compact locally maximal hyperbolic set, it has 

local product structure. Thus, for each       small enough, there is       such that if the points        

verify            then the intersection of    
      with    

     is not empty constituted by a single point 

which we denote by         . We have                 and  

                                . 

Since      
    , by the Hadamard-Perron Theorem for each       there is a constant            such 

that  

                                                                               (3.9) 

By the same theorem, since      
      we can assert that  

                                                         

whence it follows, using (3.9),  

                                               . 

This is equivalent to  

                                                     . 

Using (3.8) with     , we obtain                     
     . 

As a consequence of uniform transversally, there is       such that if     is small enough then 

                . 

Again using (3.8), now with    , we obtain                     
     . 

Choosing           such that       , we obtain the intended inequality with 

                           . 

 

Note: The assumption that     is a locally maximal hyperbolic set is essential to ensure that the periodic 

point constructed in the proof of this lemma belongs to   .  

 

4. CONCLUDING REMARKS  

 
Given a function        , consider the cohomological equation  
 

                                                                           (4.1) 

                                                          
 

where         is a dynamical system  and         is the unknown. The study of cohomological 

equations relates particularly to the study of conjugacy to an irrational rotation of the circle, the existence 

of absolutely continuous measures for expansive circle maps and topological stability of hyperbolic torus 

automorphisms. These equations also arise naturally in statistical mechanics. 



Some results established by Livschitz in the beginning of 70’s (1,2) specifically discuss the 

possibility of obtaining cohomological equations solutions in the hyperbolic dynamics context.  

If the cohomological equation (4.1) is possible then                
      whenever     is a   -

periodic point of   , that is,      . Furthermore, this is a necessary and sufficient condition for the 

existence of solutions for (4.1). However, the solutions may be discontinuous or even not measurable. 

Naturally it arises the question of how to ensure the existence of continuous solutions or even solutions 

with some additional regularity. The Livschitz Theorem, which we formulate below, responds to this 

question in the context of hyperbolic dynamics.  

Livschitz Theorem: Let     be a Riemannian manifold and          be a     diffeomorphism. Let  

    be a compact invariant hyperbolic set locally maximal with        topologically transitive. Suppose 

that       is an Hölder function such that               
      whenever        . Then there exist an 

Hölder function         with at least the same Hölder exponent as    and unique up to an additive 

constant, such that           . 

So, this theorem provides a necessary and sufficient condition, based only on the data given by the 

periodic orbits, to the existence of Hölder solutions. 
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